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Abstract

In this paper we model in continuous time a gas swing contract in
the spirit of [4], with one additional state variable corresponding to
a stochastic strike price. Since in real contracts the strike is a mar-
ket index which is updated monthly, this results in a mixed discrete-
continuous stochastic control problem. We reduce this to the usual
continuous time situation by adding a state variable, corresponding to
an index rolled-over in continuous time. Then we analyse the viscos-
ity solution of the resulting Hamilton-Jacobi-Bellman (HJB) equation,
deriving results on existence, uniqueness and smoothness of the solu-
tion. Finally, we present two numerical methods to derive the price of
a swing contract. The first one is based on finite differences applied
to the HJB equation. The second one is based on Least Square Monte
Carlo and does not use the HJB equation directly, focusing directly on
a discrete-time approximation of the continuous time problem. While
we introduce radial basis approximation in the least square algorithm
to avoid dimension issues, we also present a case when, under some
assumptions or approximation, the dimension issue can be avoided by
a proper quantization of the state space.
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1 Problem Framework

The physical nature of commodities, energy and gas in particular, such
as their limited storability or their strong link with complex customers’
patterns of consumption, had led to design a lot of supply contracts which
allow flexibility of delivery. In particular, in gas markets many long-terms
contracts (for 10 years or more) are embedded with flexibility of delivery
options known as swing or take-or-pay. Such contracts allow the option
holder to withdraw every day a quantity of gas subject to daily, as well as
periodic (usually monthly or annual), minimum and maximum constraints.
This flexibility addresses the need to hedge a frequent demand fluctuation
which in practice is impossible to foresee in the long period, being linked to
exogenous variable such as weather, economic scenario, changes in heating
technology and power production and so on.

The correct valuation of these type of contracts is important for at least
two reasons: first of all, thanks to the liberalization of energy markets, the
price of such contracts is no more set by regulators under the assumption
of cost recovery, as in the old regulated markets, but it is negotiated be-
tween agents and it is mainly related to the financial risks underlying the
contracts. On the other hand, most of the existing contracts include rene-
gotiation clauses which permits to adjust the contract according to develop-
ments in the markets. So it is very important for both contract parties to
have methodologies to understand which impact contract’s parameters have
on the price. Finally, from the point of view of a profit maximizing agent,
the flexibilities embedded in the contract, i.e. the possibility to decide how
much quantity of gas to withdraw every day, should be used not only to
manage demand fluctuation, but also if possible to make profit against local
market price.

The structure of long term gas agreements is pretty standardized in Eu-
rope. The strike price, which is the price paid by the owner of the contract



to the seller of the commodity, typically depends upon a basket of crude
and refined oil products, which is averaged through time in order to smooth
undesired volatility effects; for more details we refer the interested reader
to [2, Section 3.1]. Since oil products are traded in US dollars, oil related
indexes are also expressed in US dollars, thus typical market risk factors
perceived by European importers are represented both by USD/EUR ex-
change risk, and price differential between import cost in Euros I; and local
market prices P; settled daily by local gas market exchanges. Clearly, the
future prices I; and P; are not known when pricing the contract so they have
to be assumed as stochastic variables. It is also natural to assume that the
optimal withdrawn quantity should be also linked in some way to prices, or
at least to their expected future value.

Thus, pricing and hedging of swing contracts has to be performed dy-
namically through time, has to take into account the stochastic dynamics
of both market and strike index prices and volume constraints and has to
suggest an optimal withdrawal policy which should maximise the expected
revenues of the contract. This is exactly the practical description of a so-
called stochastic optimal control problem.

The scope of this work is to investigate this stochastic optimal control
problem. We formalize the mathematical problem taking into account both
the stochastic nature and the monthly structure also of the strike price as
well as local market price. Then, by using the theory of viscosity solution, we
find out some properties of the value function such as existence, uniqueness
and smoothness. We then apply numerical schemes to find out the price of
some typical contracts.

1.1 Index price modelling

Let (Q, F,{F:}+,P) be a filtered probability space and W7, Wy two corre-
lated Brownian motions with correlation p defined on €2. Let [0, 7] be a fixed
interval on which the swing contract is defined. This interval is then divided

into subperiod {[T" ,, ,T]}nm:f’j::;’g, where [T, T)""] represents the inter-

n—1»
val covered by month n of year m. We will suppress the superscript m when
not necessary.

Managing a swing contract basically leads to deal with, at least, two
prices: one is the so called contract price, which is the price the buyer of
the swing option pays to the seller for the withdrawal of a unitary quantity
of gas. Let this price be I(t). The second one is the gas spot price that the
buyer can use to sell the gas to the market. Let us denote this price with
P(t). In practice, the owner of a swing contract can buy gas at the price
I(t) and then, eventually, sell this gas at the price P(t), realizing a profit
(or loss) equal to P(t) — I(t) for each unitary quantity of gas withdrawn.

Before approaching the modelling of price dynamics, a short description
of how contract price behaves could be explanatory.



The price the buyer of the swing option pays to the seller typically de-
pends upon a basket of crude and refined oil products traded every day in
the market. This oil-linked pricing scheme is pretty typical for European
gas markets since most of the gas arriving to Europe is a complementary
output of oil extraction; this feature is not typical in the US gas market,
since American gas production is almost totally disjoint from oil one.

Typically, the price of this basket of oil related products is averaged
through time in order to smooth undesired volatility effects. The averaging
rule is related to a triplet of numbers ({1, &2,&3) respectively denoting the
number of months composing the backward looking average of prices, the
number of months prior to delivery that should not be included in the aver-
aging process and the number of months between one index calculation and
the following (almost always equal to one, but also three and six are com-
mon). More formally, if we denote by I(t) the price of the index at time ¢, we
have that I(t) is a piecewise constant function on the intervals [T,, T, 1) for
some n, with a jump at time T, yr. If B(t) = (Bi(t)...By(t)) denotes the
vector whose components are the price at time ¢ of the oil-related products
in the basket, « is a vector of weights, and we define the set Z(£) C N as

Z&) ={klk=v - veNk+ <12}
we can express the index price I(t) as the weighted average

Th—gy
1) = (Tt —Tn-g—6,) " /T aB(s)ds, Yt € [T, Thie,),Vn € I(&3)
n—E§s—§1
(1)

Notice that the following relationship holds:
I(t) = I(Ty,), Vi€ [Ty, Thiey), Vn € I(E3) (2)

It follows that the index price I(t) could be modelled in two ways. The
first obvious way, given the identity in Eq. (2), is to model the sequence of
monthly prices {I7m }' as a discrete sequence of random variables. The sec-
ond way is a little more sophisticated. We can assume that the index price
has itself a spot continuous time dynamics. If we use a different parametriza-
tion of the couple (£1,&2) by introducing £1, ¢35 which represent the length of
the averaging window and the length prior to delivery on which this window
ends, we can rewrite Eq. (1) as

Tn—4o
I(t) =" / aB(s)ds, Yt € [Ty, Tnies),Vn € I(&3)
Tn_zl_EQ

We may take into account that ¢1,f5 should be functions of 7}, because
the length of the month is not equal for every month. This is barely an



improvement and to avoid huge notations we don’t care about this. Now we
can re-define the index price I(t) using its spot value

t—ts
I(t) =" aB(s)ds (3)
t—01—0o

Notice that Eq. (1) and Eq. (3) give the same value at the points {T)"}"*,
but have different values for others t. We then use this index spot value in
this way: at the beginning of every month n, at time 7},, we fix the strike
price for the swing contract as the realixed index price I, = i. This will
be the fixed index price paid by the buyer of the contract for month n,
coerently with the behaviour of Eq. (1); on the other hand for the instants
t € [0,T]\{Z"}" we have a dynamics coherent with the one in Eq. (3) and
not a constant one as in Eq. (1).

Unfortunately, the definition in (3) is clearly non-Markovian, being an
average on past values of B(t). Here we make the following assumption: the
dynamics in (3) can be approximated by a new markovian one, solution of
the following SDE

dI(t) = pi(t, I(t))dt + oi(t, I(t))dW;(t) (4)

for some functions p;, 05 : [0,7] x R — R.

In contrast with the contract index price, the spot price P(t) is directly
traded on local market and it changes (at least) once a day, depending on
the liquidity of the local market. So we make the following (continuous time)
assumption for the dynamics of the spot price P(t):

dP(t) = py(t, P(t))dt + 0, (t, P(£))dWy (1) (5)

for some functions pyp, 0, : [0,7] x R — R.
We will specify other assumptions on the functions p,, i;, op, 0; later.

1.2 One year problem

In this and in the following sections we deal with the problem of finding
the value of a one year contract. For a standard swing contract, this is
not a restriction or a simplification of our problem: even if the contract is
written over a longer period of time, in the absence of constraints between
two different years (such as make-up, carry forward, ...) the problem of
pricing and manage the contract is independent for every year. In fact,
ordinary swing contract permits to the owner to buy in every sub-period
a quantity of gas, which we denote by u(t), bounded between a minimum
(mDQ) and maximum (MDQ) level which usually reflect physical effective
transportation capacity limitations; thus for every instant ¢

mDQ < u(t) < MDQ vt € 0,7 (6)



In addition, for every contractual year, minimum and maximum quantities
are also established, called respectively minimum annual quantity (mAQ)
and annual contract quantity (ACQ). If we introduce the cumulated quan-
tity z,(t) for year m, at time ¢

Zmuy_/mﬂax@@

5"
we have the constraints
mAQ < Z™(T75) < ACQ Ym=1,...,D
but also the relationship
Z™(Ty") =0 Ym=1,...,D (7)

Thus the admissible area for the control u(t) is exactly the same for every
year, and it is given by

Ay = {u € [mDQ,MDQ] s.t. mAQ < Z™(T75) < ACQ} Vm=1,...,D

Sometimes the bounds on mAQ and ACQ can be overridden, but a penalty
is paid. In this case

A, ={u € [mDQ,MDQ]|} Ym=1,...,D

We will concentrate on the last case. In both cases, if no other inter-temporal
constraints are imposed to the problem (for instance make-up clauses), this
fact and Equation (7) lead to notice that the pricing problem is exactly the
same in every year, and can be faced separately year by year. So, from now
on, we focus on a one-year problem.

Let [0, T] be the reference interval of the year and let {[T5,—1, 1] }n=1,... .12
be the sequence of intervals describing every month, with Ty = 0 and T2 =
T.

We notice that Eq. (6) forces the buyer of the contract to buy, during
a year, at least the quantity mDQ -T". This quantity, called the take-or-pay
quantity, has to be paid, and may safely not be taken in consideration in
our optimization, i.e. we can always consider a decomposition of a swing
contract in the same spirit of [3, Section 2]. We let

u(t) € U = [0,4]

with « = MDQ — mDQ.
To keep a general view, we also let



Penalties are often imposed if the constraint Z(T) € [M, M| is not satisfied.
An example of such penalties can be given by the function

p-M z € (—00,0)
w(z)={ p-[(z— N)* + (M —2)*] ze0,aT] (9)
p- (@l — M) z € (uT, +00)

where p > 0 is a proportional amount paid if the yearly constraints are
not satisfied. Other kinds of penalty functions can be considered, but in
any case, from a mathematical point of view, we can not assume that those
functions are neither C2 or C'. A more realistic assumption could be the
continuity and the polynomial growth of the function ¥, so we make such
assumptions. Finally, notice that the piecewise definition is only a mathe-
matical trick used to have a continuous and bounded function on the whole
space R. This will be an important assumption for Theorem 6. In prac-
tice, thanks to the physical constraint u; € [0,u], at any time ¢ € [0,T] the
cumulated quantity z always lies in the interval [0,a7] and so the maximal
possible final penalty is given by p - [(z — M)* + (M — 2)*].
By introducing the function

o(t) = max{T,|T,, <t}

and defining

I(t) = I((t)) (10)
we can now write our value function: we want to maximize the expected
value of the discounted profit and loss i.e. we are interested in finding the
contract value V1(0, Xo) at the beginning of the year

V0, Xo) = sup E

T
/ e " (Py — L) ugds + e T (Zy) (11)
ucA 0

where, for the sake of notation, we write the states as a four dimensional
vector X;:

~ T 4
X = (PtItItZt> eR

where the superscript T' stands for the transposed. For a fixed interval
t € (T,,Ty+1) the dynamics of X; is

dX; = f(t, Xt ug)dt + 5(t, X¢, ug)dW (t) =

pp(t, Br) op(t; Pr) 0
_ 1(t?It) Ui(tvlt) Gi(tvlt) 1—p? dW (t)
— |~ . dt + ; P A P (dW;@)) (12)
u(t) 0 0



where W1, Wy are two uncorrelated Brownian motion, linked to W),, W; by
the relationship

{ Wp(t) = Wi(t)
Wi(t) = pWi(t) + V1 — pWa(t)

The contract value at terminal time T is the penalty function

VIB(t,x) = U(2)

Remark 1 The function V requires two separate arguments for the index
part. The first argument [I; represents the index spot value. This price
is neither traded nor really used in the contract, but it becomes useful to
predict the future strike price Iz, using the (assumed) Markov property of
I,. The second argument I, represents the present (traded) value at time t
of the index, that is the strike price of the swing option for month n. This
is the realized price of the index at the beginning of the month.

We now use the dynamic programming principle on months. Taking into
account that the realized value of the index for month n is Iy = I, = i
and it is known for t > T,,, we can define in every month n a value function
V" (t,z) which represents contract’s value during month n, when the index
strike price ¢ is known and fixed. Let us define:

VB(t,z)=W(z) Y(t,z)€[0,T] xS

T, X

V™ (t,z) = sup Bty [/ eI (P — Dugds
ucA t

1,...,12

—r(Tn—Tn-1)yn+1 T X n = 1
+e V ( " Tn) t c [Tn—la Tn] ( 3)
where in E; ,[-] is the expectation with respect to IP; , which is the probabil-
ity under which X has the dynamics given by Eq. (12) with initial condition

X¢ = z. Formally

Bt 2[¢(X(s))] = - DY) Pra(s, dy)

where

Pya(s, B) = P(X(s) € BIX(t) = )

for every measurable function ¢ and every B in the o-algebra of Borel sets
of R".
We notice that
V' (T, ) = VT, )



At this stage we have no hint about the smoothness of the functions V",
so in what follows we derive the HJB equation for V™ using the theory of
viscosity solutions and proving the required smoothness for the functions
V™ and their derivatives.

For every n =1,...,12 we introduce the following notations:

Lt mu) = —e ") (p —dyu, s € [T, T (14)
wn(ﬂf) = —G_T(Tn_Tnil)Vn—i_l (Tna b, iv %7 0)

and substitute them in the function V" | rewriting Eq. (13) as
VBt,z)=0  Y(t,x)€[0,T] xS
Ty .
V' (t,z) = — inf By, [ / —e "= (P, — Dugds
UGA t

A0 I

= — inf J"(t, ;
inf J7(t, 25 0)

having defined the functions J" (¢, x;u) as

Tn
JMt,xyu) =By {/ L"(s, Xs,us)ds + w"(XTn)] (16)
t

From now on in this section, we mainly apply, and when necessary extend,
the results of [11]. There, the general problem faced has as value function
of the form

V(t,z) = inf J(t,x; 17
(t,) = inf, J(t,:0) a7)
We should introduce a new sequence of value functions V" (¢, x) = —V" (¢, x)
for which the results in [I1] hold or, as an alternative, take always into

account the negative sign. To avoid involved notation we will still write
V™ instead of —V"™ and when necessary we will come back to the original
problem by doing the sign substitution.

2 Main theoretical results about viscosity solution

Let us start this section with a definition which will be very important in
the rest of the paper.

Definition 1 We say that a function f(x) and its derivatives until the k-th
order have polynomial growth, and we indicate it with f € C’;f(]R"), if for
all i =1,...,k there exist C,m such that:

fO@) <O +2f™)  VeeR"



The method of dynamic programming provides a powerful tool for ap-
proaching the problem in Eq. (17). When the value function V (¢, z) of the
problem is smooth enough, it can be proved that it is a solution of a non-
linear equation, known as the dynamic programming equation or Hamilton-
Jacobi Bellman equation (see for example [23, Chapter 19]). However, in
general (and in particular in our case) the value function is not smooth
enough to satisfy the HJB equation in the classical sense, or we have no
hints, at this stage, that the value function is smooth. A weaker formu-
lation of solution to this equation is necessary if we want to pursue the
method of dynamic programming. Crandall and Lions provided in [9] such
a weak formulation which they called viscosity solution. In this and in the
following section we introduce the definition of such a solution and we face
the problem of pricing a swing contract with the theory arising from vis-
cosity solution in order to show that the value function satisfies a dynamic
programming equation and has some regularity.

This section is devoted to the definition of viscosity solutions of a general
class of partial differential equation; here we prove some general results
which will be used in the rest of this work. We end the section showing the
links between viscosity solution and stochastic optimal control problems.

Let O be an open subset of R™ and define

Q=[0,T)x0, Q=[0,T]x0, Qy=1[0,T)xR", Q,=][0,T]xR"
Let
e C(Q) be the set of continuous real valued functions defined on Q

e C12(Q) be the set of all real valued functions on @ which are once
continuously differentiable in the first variable and twice continuously
differentiable in their second argument

e C)(Q) be the set of all real valued function on @ with polynomial
growth.

Consider an equation of the kind
—Vi(t,z) + H(t,z, D,V (t,z), D2V (t,z)) =0 (18)

with H a continuous real valued function defined on the space Q x R™ x S"
(here 8™ is the set of all n x n symmetric matrices) such that

H(t7$7p7‘4+ B) g H(t7$7p7 A)

for all (t,z) € Q,p € R", A, B € §" with B > 0. We introduce the following
definition of viscosity solution:

Definition 2 We say that a function V € C (@) 18

10



e a viscosity subsolution of Eq. (18) if for each v € C12(Q)
—v(t, Z) + H(t, z, Dyo(t, ), D2(£,Z)) < 0
at every (t,Z) € Q which is a local maximum of V —v on Q
e a viscosity supersolution of Eq. (18) if for each v € C12(Q)
—u(t, Z) + H(t, z, Dyo(t, T), D2(£, %)) > 0
at every (t,Z) € Q which is a local minimum of V. —v on Q

e a viscosity solution of Eq. (18) if it is both a viscosity subsolution and
a viscosity supersolution of Eq. (18) in Q

We call reference probability system v a 4-uple v = (Q, (Fs)sefr,r), P, W)
where (§2, Fr, IP) is a probability space, and W is a Brownian motion adapted
to the filtration (F)sep ). Given a compact set U C R™, we denote by

Aty ={u s.t. wuis a progressively measurable U-valued process defined on v}

We then suppose that X is a R™-valued process governed by the stochas-
tic differential equation

dXs = f(s, Xs, us)dt + 3(s, X, us)dWs, s € [t,T) (19)
given the initial data X (¢) = 2 and with u € A;,. We make the following

Assumption 1 We assume that:
a) U is compact

b) f,¥ are continuous on Qu x U and f(-,-,u) and o(-,-,u) are of class

ct (@0) for each u € U;

¢) f, ¥ are itz with respect to their second argument, i.e. there ezists a
constant L > 0 such that for all t € [0,T] and for all u € U the following
hold:

’f( ,.%','LL) - f(t,y,U)’ < L’$ - y’
’U(tvx’u) - U(t, y,u)’ < L"%' - y’
d) for suitable Cy,Cy
|fe| + | D f] < Ch, loy| + | Dyo| < C)

[ft,0,u)| +]o(t,0,u)| < C2, VuelU

11



Remark 2 Assumption 1(c) and 1(d) lead to (both for f and X):
|f(t,u)] < |F(8,0,u) + [ f(t 2 u) = f(£,0,u)] < Co + Clz| < C(1 +|a)

for a suitable constant C, i.e. the drift and the volatility have linear growth
in z.

Let us consider the following general optimal control problem. We want
to choose a control @ € A;, which minimize the function

T
ez =B, | [ L6 X u)ds + 0(Xr)
t
where Ey . is the expectation with respect to Py, which is the probability
under which X has the dynamics given by Eq. (19) with initial condition
X; =2 and L and v are continuous functions with polinomial growth, i.e.
such that

| L(t, ;)
[ (2)]

for suitable constants C3 > 0 and m > 0. Then we consider, for a fixed
probability system v, the infimum of J among all u € A; .

Cs(1+ |=|™) (20)

<
< Cs(L+ |z[™) (21)

Vu(t,x) = inf J(t,z;u) (22)

uEAt,u

and finally we define the value function as:
V(t,z) =inf V, (¢, x) (23)

This problem is linked, and in this section we will detail this link, to
a partial differential equation of the kind of Eq. (18), called dynamic pro-
gramming equation or Hamilton-Jacobi-Bellman equation (HJB equation),
obtained by imposing

1
H(t,l‘,p,A) = sup {_f(tvxv U) P 5 tI'(A : (EZ/)(t7x7u)) - L(t,.ﬁU,U)}
uelU
(24)
and the boundary condition

V(T,z) =¢(x) VreR"

One important tool in proving that V' is a viscosity solution of Eq. (18),
with H as in Eq. (24), is the so called dynamic programming property for
the value function.

12



Definition 3 We say that a function W has property (DP) (dynamic pro-
gramming) if for every reference probability system v, for every control
u € Ay and every stopping time 0 taking values in [t,T] we have

0
W@@<ﬂ4/L@&wMH%WXﬂ
t

and for every § > 0 there exists a v and a control uw € A, such that

0
Wi(t,x)+0>E;, [/ L(s, Xs,us)ds + W(Q,Xg):|
t
for every stopping time 0 taking values in [t,T).

2.1 Existence

The next result shows the links between the notion of viscosity solution of
HJB equation and the corresponding stochastic optimal control problem.

Theorem 1 If Assumption 1 holds, Q and the control set U are bounded
and

i. ¢ € C?(R™), i.e. the final condition v is a continuous function, twicely
continuously differentiable on R™

i. the running cost L is a continuous function on Qy x U and has polyno-
mial growth on its second argument, i.e.

Lt 2u)| < Co(1 + [2™) ¥(t,u) € [0,T] x U
for some C3 > 0,m >0
then:

a) V€ C(Q,), i-e. the value function V(t,x) defined in Eq. (23) is a
continuous function on Qg

b) property (DP) holds for the value function V (t,x) defined in Eq. (23)
¢) V. =1V, for every reference probability system v
d) V is a viscosity solution of Eq. (18), with H defined in Eq. (24), in Qo

Proof For (a-c) see [11, Theorem 7.1 pag. 178]. For (d) see [1 1, Corollary
3.1 pag. 209]. O

Summing up, under the hypothesis of Theorem 1, the PDE (18) can be
used to find out a solution of our problem. Unfortunately, in our case (and in
a lot of other cases arising from financial application) the functions V" (¢, z),

13



which are both the value function for month n but also the final condition
for the problem at month n—1, are far from being bounded, mainly because
the spread P; — I; is not bounded. In this case we can not use Theorem 1.
What we want to do in the following is to prove an extension of Theorem 1,
which uses only the polynomial growth of the final condition.

Theorem 2 If Assumption 1 holds and 1 € Cp(Qo), then V is a viscosity
solution Eq. (18), with H defined in Eq. (24). Moreover, V.=V, for every
reference probability system v.

In order to prove this theorem, we state and prove two intermediate
results. The first one states that if the value function has property (DP)
and it is a continuous function with polynomial growth, then it is a viscos-
ity solution of the HJB equation. Let us remark that the weak condition
1 € Cp(Qo) ensures (in the same way of the next Proposition 1) only the
polynomial growth of V' and nor the property (DP) nor the continuity.

Theorem 3 If property (DP) holds for the wvalue function V and V €
Cp(Qo) then V is a viscosity solution of Eq. (18), with H defined in Eq. (24),
m Qo.

Proof See |11, Theorem 5.1, pag 72] O
Lemma 1 If¢y € C,(R"), then there exists a sequence (Vm)meN in C’g(Rn)
such that ¥, — ¥ uniformly on compact sets. Moreover, there exists C, k >

0 such that
Ym(z)] < C(1+ [a|*)

uniformly with respect to m.

Proof For m € N, let us define the sequence of functions (pm)men <
C>(R™) such that p,, =0, pn(y) =0if |y| > % and

/n pm(y)dy =1

Now introduce the sequence (¢, )menN as
Ym(x) = (¥ * pm)(2) = R U(y)pm(z —y)dy
Then v, € C*°(R"). Moreover, being ¢ € Cp(R") then v is uniformly

continuous on each compact set K: for all € > 0 there exists § > 0 (which
depends on ¢ and K) such that

‘¢($—y)—¢(af)|<€a \V/IEGK, |y‘<5

14



ThenforallmEK,m>%

[Ym(z) — ()| (@ —y)pm(y)dy — ()

:'W

— '/n(¢(x—y) - T,Z)({L‘))pm(y)dy’ <
) / W@ —9) = v@)lom(y)dy <
ly|<

< 5/ pm(y)dy =¢e
lyl<

1
m

So ¥, — 1 uniformly on compact sets. Moreover because ¢ € C,(R"™)
()] < /| = ulon (s <
Yy ga
<[, COt el + ) pm(o)y <
yl<L

<C+(lal+ 205 [ pmlo)dy < €O+ (1] + 1)

lyl<L
so also 1, has polynomial growth and the uniform estimate holds. U

Let us now recall that in [I1, Appendix D] the following inequality is
proved:
By e[| X ][5 =< &m(1 + |2]™) (25)

which holds Vm > 0, with &,, constant depending only on 7' — ¢ and on
C1,Cs of Assumption 1. Finally, using the Markov inequality we get

S

Prodl Xlloo > M} < =

(1 + [a]) (26)
We can now prove Theorem 2.

Proof We would like to use the result of Theorem 1 applied to the value
function V. In order to do this, we need to prove that V is a continuous
function with property (DP).

Let (¢m)men be a sequence in Cg(R”) such that 1), — v uniformly on
compact sets, as described in Lemma 1. Let V;,, , and V;;, the corresponding
value functions, i.e. the value functions of stochastic optimal control prob-
lems with final conditions ¢,,. Let V the value function with final condition
.

Thanks to Theorem 1 we know that V,, , =V, for every reference prob-
ability system, property (DP) holds for V,,, and V},, are continuous functions.

We now prove that V,,, — V uniformly on compact sets and so that V'
is continuous. By definition of V' and V,,, for each § > 0 there exists v and
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u € Az, such that

V(t,z)+0—V(t,x) <
T
Ey» [/ L(s, Xs,u)ds + Y (X7)| = V(t,z) <
t

< Et,x[¢m(XT) - ¢(XT)] =
= Bt o [(Ym(X1) — O(X7) (X x01<s + Lixppsn)] <
< |[Ym = Yl Bo,m) + Bt o [(Ym(X7) — 0(X7))1 1 x7 5 M]

=0 =I5

where || || g(o,ar) denotes the sup norm in B(0, M). An analogous inequality
holds for V(t,2) — Vi, (¢, z) + 0.

We have that, for all M > 0, I; — 0 as m — oo thanks to the uniform
convergence of (¢,,)men on compact sets. Since 1) and 1),,, have polynomial
growth, using Jensen’s inequality, the well known inequality 2zy < z2 + y?
and the ones in Eq. (25 - 26), we obtain:

I = E¢a[(Ym(X1) — ¥(X7))1 x40 0M] <

Et 2 [[tom (X7)| + [9(X7) |11 x0)> 0]
Et2[2C(1 + |X7|*)1 xp > 00]) <

(Bt 2[4C?* (1 + | X7|") 2 B (1) x5 0r]) =
12 [4C% (1 + | X7[*)*JPy o {| X7 | > M}) <

INCININ

E
(E

< (AC°Bu a1 + 20 XI5 + 1XZIPea{| X oo > M) <
< (8C2(1 + Beal I X2 (1 + o)) <

1

(Sra+lePa-+leh) < S0+ ol

N

so Is can be made arbitrarily small by choosing a suitable M. This imply
that V,,, — V on compact sets, hence V' is continuous.

We now prove that property (DP) holds for V. Given an arbitrary
stopping time 6

0 0
‘Et,x [/ L(s, Xs,us)ds + V (0, Xg) — / L(s, X5, us)ds — Vp, (0, Xg):| ‘ <
t t

< |Et,x[v(07X0) - Vm(97X9)]| <
S Eio[(Xx,<mr + Lx,>m) [V (0, Xog) — Vin (0, Xo)[] <
<NV = Vil o,y + B a1 x>0V (0, Xo) — Vi (0, Xo)|)

~~

213 :I4

We just proved that that I3 — 0 as m — oo. Let us remember that we are
assuming that the running cost L and the final condition ¢ has polynomial
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growth in x. This implies that, by its definition, also V' has polynomial
growth in its second argument. Combined with the results in Lemma 1 and
using the same strategy used for Iy, we get:

Iy = ]Et,a:[1|Xg|>M‘V(07X9) - Vm(97X9)’) <

< (PrallXol > M]Ee o [4C%(1 + [ X6[")7]) <

C
< PrallX oo > MICL(Q + B[ X [IZ])) < MQ(l + |z

also Iy can be made arbitrarily small by choosing a suitable M and z in a
given compact set. Summing up, for each § > 0 there exist M and m such
that I3 < and Iy <. Finally, thanks to property (DP) of V,,,, there exists a
v and a control u € A, such that

0
Vin(t, z) + g > B, [/ L(s, Xs,us)ds + Vp, (0, Xg)
¢

for every stopping time 6 taking values in [t,T]. By putting together these
three inequalities, we obtain property (DP) for V.

In conclusion, we have proved that V is continuous, has polynomial
growth, and has property (DP). From Theorem 1 we can conclude. O

2.2 Uniqueness

Theorem 4 Let us assume the hypothesis in Assumption 1 and in addition
that

i. the running cost L(t,x,u) and the final condition ¥ (x) are continuous
functions with quadratic growth, i.e. m < 2 in Eq. (20) and (21)

Let V1, Va be two viscosity solution of problem (18), with H as in Eq. (24)
and the final condition V (T, x) = ¢ (x), having quadratic growth, i.e.

[Vi(t,z)| < C(1 + |z|?) Y(t,z) € Qo, i=1,2
Then Vi = V.
Proof The proofs follows from Theorem 2.1, Corollary 2.1 and Remark
2.2(iii) in [16]. 0

2.3 First Derivative

In this subsection we present a general result which gives the existence of
the first derivative for a general control problem. We continue to assume
Assumption 1 and the result found in Eq. (29). In addition, we need the
following stronger assumption on L™ and ¥™:

17



Assumption 2 We assume that:
i. L™ is continuous on Qy x U, L"(-,-,u) € CY(Qq) for each u € U and:

[LE|+ L] < Ca(1+ [2]) (27)

1. Y™ is locally Lipschitz

Let us now introduce the definition of different quotients AQV", which is
fundamental in this section because in order to prove existence and smooth-
ness of V" (t, x), we first need bounds for those quotients, and then a general
result allows to conclude the existence of the derivatives V' (t,x) = D, V" €
LY . for p> 1.

Definition 4 We call difference quotients of the function f(t,x) of size
h and direction £ the quantities:

[tz +he) — f(t,x)
h

ALf(t,z) =

where £ € R™ is a direction, i.e. it is such that |§| = 1.

As for the existence of the solution, a lot of results on the existence of the
derivatives are available for the case 1 € C?(IR"), for instance [1 1, Lemma
8.1, pag 183], but this is not our case. So we now extend the results to
the case where ¢ € Cg(lR") and it is also locally Lipschitz. This result can
be used in a straightforward manner for n = 12 using the piecewise linear
definition of ¥(z) and needs to be adapted by induction for n = 1,...,11.
We state the lemma for a generic ¢ and L.

Lemma 2 If Assumptions 1 and 2 hold and the first derivative of the final
condition 1V, (x) exists a.s. and has polynomial growth

Y| < Ca(1+ |2|*) (28)

then there exists My which depends on C1,Cs, Cy, k, T such that for all di-
rections &
[AZT] < Mi(1+ |a)

for every h € (0,1].
Proof Given (t,z0) € Qo, let (X.).c,7) be the solution of
dXs = f(s, Xs,us)dt + o(s, X, us)dWs, s € [t,T]

with the initial condition X; = xo and (X?) scjt,7) the solution with initial

condition X; = zg + hé. Also, let A"X, = % Since L and ) are
Lipschitz, then their restriction to each line segment {X2| X} = (1 - X)X, +

18



AX" X\ €[0,1]} is absolutely continuous and the Fundamental Theorem of
Calculus holds (see [12, pag. 102]), so we have

T
ALJ(t,z;u) = [1/ (L(s, X!, us) — L(s, Xs,us))ds + %(w(XT) —1/)(X7h~))] =

_ [ / / (5, X}, uy) - AP X dA} +E { / ba(X2) - AhXTdA}

By Equation (27)

1
/ LZ‘(S7XL;\7US)
0

By Equation (28)

1
< / a1+ |X2)dA < M(1+ X5 + [XPF)
0

1 1
[ entxdia| < [ i+ i< v
0 0

By Cauchy-Schwartz

aba <o (& | [ T X 2] ) eraxie)

We bound the first term on the right hand side using (25) with m = 2k
and = = xg, 7o + h¢. We also have that E[|AX2|2] < B (see [11], Appendix
D) where B depends on bounds for |f;| and |o,| and the costant C; on
Assumption 1. Since [{| =1and 0 < h <1

1+ |z + |z + e[ < Ck(L + [z*F)

for suitable Cj. U

The following Theorem gives the existence of V,.(¢, ) and it is stated for
generic final condition ¢ and running cost L.

Theorem 5 If Assumption 1, 2 and Equation (28) hold, then V,(t,x) exists
and it is in Ly, (Qo) for every p € (1,00]. Moreover

Va(t, )] < My(1+ |z]*)
for almost every (t,z) € Qo, where My depends on Cy,Cq,C3,Cy, k,T.
Proof We take a generic open bounded set B. Then by Lemma 2 we have
|A2‘J(t,:n,u)| < My(1+ |z|F) V(t,x) € B
Since these bounds are the same for all controls u, we obtain that

ALV (t,2)| < Mi(1+ Jzf")
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Then we take p > 1 and an open set A such that B C A and dist(B,0A4) <
min{1, 7T} and we have that AgV(t,x) € LP(B) and

IARV (| o) < Ms||1+ |2|"|| 1o (5

for all h € (0,min{1,7T}), where M3 depends on M; and M,. This implies
(see [15], pag 246-248) that V,(t,z) € LP(B) and (|Vi||repy < [|[M3(1 +
lz|%) | r»(B)- Moreover, V;(t,7) is also the derivative in the Sobolev sense.
In fact, for each ¢ € C§°((0,7) x R")

- i hy — 3 hyy — 1 h,,_ _ .
[evi= [Jmentv =t [oalv =t [valo—- [ve

and the conclusion follows. O

3 Viscosity solution for swing contracts

In this section we apply results in Section 2 to the one year problem presented
in Section 1. We continue to make the hypothesis in Assumption 1.

3.1 Existence

First of all, we notice that the functions L"(¢,z,u) as defined is Eq. (14),
being a linear function of p and ¢, has polynomial growth in its second
argument x, i.e.

LMt 2, u)| < Cs(1+|2™) Vte[0,T),YueUV¥n=1,...,12  (29)

In particular, being L™ (¢, z, u) a linear function of x, we can assume quadratic
growth, i.e. m < 2. The same for ¥(x) defined in Eq. (9). As a consequence,
also the functions V" (¢, z) has quadratic growth, as proved by the following
proposition.

Proposition 1 The functions V" (t,x), as defined in formula (15), have
quadratic growth for allm =1,...,13.

Proof By backward induction. V!3(¢,z) = ¥(z) has quadratic growth.
Now assume that V""!(¢,7) has quadratic growth, i.e. for some con-
stants B+ and mp41 < 2 we have

VPt 2)] < Baa (1 + [ ™) (30)
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Using notation in Eq. (14), the result in Eq. (29), the inductive hypoth-
esis in Eq. (30) and the inequalities (25) we get:

Th
|J™(t, x,u)| = ‘Et,w [/ L"(S,Xs,us)ds—l—djn(XTn)H <
t

e
<B.. [ \L”(Xs,us>ds\+\V"“(Tn,XTn)@<

- T,

< B | [ ol 4 X, ds + Brsa(1+ \XTnmnH)} <
t

L

<]Etw

)

Cs(1 + [[X[I5)ds + Bna (1 + IIX-HZZ"“)} =
L/t

= C3(Tnpr — ) (1 + E[[|X[5]) + B (14 Ee[[[ X ][5 +]) <
<+ &m(1+2[™) + Bpa B,y (14 [2[™) < (31)
< Bu(1+ [z[™)

with m,, = max{m, m,+1} < 2 being both m < 2 (see Eq. (29)) and mp4+1 <
2 (inductive hypothesis). B, is a suitable constant which depends only on
Tn - ta 037 Bn+1- O

We prove now that V12 is continuous and has property (DP). Then by
induction we will extend the same results also to other functions V" for
n=1,...,11

Theorem 6 If Assumptions 1 hold, then V12(t,x) € C([T11,T] x R?) and
has property (DP). Moreover, V12 = V2 for every reference probability
system.

Proof Being ¥(z) a bounded and uniformly continuous function, we can
apply Corollary 7.1, pag 181, in [11].

Alternatively, we can use the same idea in the proof of Theorem 2 since
U(z) has polynomial growth. O

Now the main result for V12(¢, ).

Theorem 7 The function V'2(t,z) is a viscosity solution of the dynamic
programming equation:

— V2 4+ H(t,z, D,V'E, D2V?) =0 (32)

in [T11, T) x R, where H in this case reads:

1 1 o (— A
Vit 303 Vit p0p0iViit 507 Vit Vi pi Vi—sup{e ™" 10 (p—i=Vou} = 0
ue
(33)
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Proof See |11, Corollary 3.1, pag 209]. Alternatively, we can use Theorem
2 since ¥(z) has polynomial growth. O

Remark 3 We now come back to our original problem with the right minus
sign by substituting the function V' with —V in Eq. (33). Thus the correct
equation satisfied by the value function in formula (15) is:

1 1
Vi+ 5012,‘/}9;; + popoiVpi + §Uz~2Vu' + 1pVp + piVit

+ sup{e "1 (p — i+ V)u} =0 (34)
uelU
Note 1 By substituting V(t,z) = e 7" TV (t,2) in Eq. (34) we obtain
an equation analogous to the one in [1]:
1 1 .
Vi—rV+ iangp + popoi Vi + 50'2-21/”- + pp Vi + 113 Vi + sg[p}{(p —i1+V,)u} =0
u

We now extend the results for V'2(¢, z) also to the other value functions
Vrforn=1,...,11.

Theorem 8 For everyn = 1,...,12 the function V™ is a viscosity solution
of the HIB equation (33) in [Ty, T) x R*, with V replaced by V", and with
final condition:

VT, z) =" (z) = VYT, x)
Moreover, V™ = V' for every reference probability system.
Proof Going backward in time, by induction, Theorem 7 states that
V12(t, x) is a viscosity solution of Eq. (33). Let us suppose that V(¢ )
is a viscosity solution of Eq. (33). Thanks to Proposition 1, V"*1(t,x) €
Cp(Qo). By Theorem 2, the function V (¢, ) = V" (¢, x) is the solution of

—Vi +H(t,z,DV,D*V) =0

with boundary condition

VY (T, ) = V(T )

3.2 Uniqueness

We want to apply Theorem 4 to our problem.

To do this, we notice that the control set U is bounded, the running cost
functions L™ (¢, x,u) are continuous with quadratic growth in = and thanks
to Proposition 1 and Theorem 6 the final conditions

P (x) = e " (In=Tn-1)y/nt1 (T, p,1,t,0)

are also continuous functions with quadratic growth in z. Assumptions (1)
are supposed to be satisfied. We can apply Theorem 4.
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3.3 First derivative

In this section we prove that the first derivatives of our value functions, V*,
exist.

We notice that condition (i) of Assumption 2 is verified for all n =
1,...,12 in our case, that is when L™ is the one in Equation (14). Also
condition (ii) can be easily proved:

Proposition 2 For every n = 1,...,12, the value functions V"(t,x) are
Lipschitz.

Proof For all u € U, L"(t,z,u) are Lipschitz for every n =1,...,12:
|L™(t, 21, u) — L™ (t, 22, u)
e (py —dn)ut e T (py — i)l <
(p2 — p1) + (i2 — i1)[7 <
<

| —

|

(Ip2 — p1| + iz — 11])@
|21 — @21

INCININ

Starting from n = 12, the final condition ¥ defined in Eq. (9) is a piecewise
linear function and so it is Lipschitz. This implies that for all control u also
J'2(t, z;u) is Lipschitz and so V12(¢, x) is Lipschitz. Backward induction on
n completes the proof. O

The main result of this section is the following theorem.
Theorem 9 For everyn =1,...,12, if Assumptions 1 and 2 hold, then the

derivatives V' (t,x) exist, they are in L} (Qo) for every p € (1,+o0] and
for almost every (t,x) € Qo we have

Vi (8, @) < Ma(1 4+ |2[)
where My depends on Cy,Cs,C3,Cy, k,T.

Moreover, we prove that also the derivatives have polynomial growth.
Again, backward induction is the key to prove that the value function has
a first derivative. We start with two corollaries.

Corollary 1 There exists My which depends on C1,Cs,Cy, k, T such that
for all directions &
|AZTR) < Mi(1+ 2]")

for every h € (0,1].

Proof Apply Lemma 2 with the final condition ¥(z) defined in Eq. (9)
which is a piecewise linear Lipschitz function with ¥, (x) piecewise constant
defined almost everywhere. U
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Corollary 2 The first derivative V,}? exists and it is in L7 (Qo) for every
p € (1,00]. Moreover

V2 (t,2)] < Mi(1+ |2[*)
for almost every (t,z) € Qo, where My depends on Cy,Co,Cs,Cy, k,T.

Proof Thanks to the result of Corollary 1 we can apply Theorem 5 to
V12(¢,x) with the final condition ¥(z). O

Now we prove the main result of this section, i.e. Theorem 9.
Proof We know that ¢"(z) are Lipschitz thanks to Proposition 2. Let us
suppose that for n < 11 the derivatives v exists and satisfies

[0 (@) = [V (T, 2)| < Ma(1+ |zf) (35)

This is true for n = 11, as proved in Corollary 2. We apply Lemma 2 to
bound the difference quotients

AL (t, w5 u)| < M(1+ |z[%)

and then apply Theorem 5 to obtain the existence of V' (t,z) € Lfo . and its
polinomyal growth:
VA (t,2)] < M (L + |2[°)

This completes the proof. O

3.3.1 Existence of the optimal control

We proved that the first derivatives V" exists. Coming back to our HJB
equation in (34), we can state that also a candidate for the optimal control
is a.s. well defined. In fact, a straight calculation leads from (34) to:

0 if p—i+Vi(t,z) <0

a if p—i4+Vi(t,z) >0 (36)

wt = ut(t,z) = {

Remark 4 As observed in [1], the candidate optimal control in Eq. (36) has
a nice economical interpretation. In fact, the marginal value V, says how
much the contract value falls down if we increase the cumulted withdrawn
quantity z, i.e. if we decide to exercise the swing option (i.e. to buy gas).
What this control says is that we have to exercise the option only if the
spread payoff p — i (which is the marginal profit we face if we exercise)
dominates the lost option value V.

By inserting the candidate optimal control (36) into HJB Equation (34),
we obtain a linear partial differential equation for the value function V for
which classical smoothness results hold (see, for instance, [18]).
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4 Numerical methods

This section focuses on numerical methods to find the price of swing con-
tracts. First of all, in Section 4.1 we introduce a more concrete dynamics
for the prices: we use particular cases of the model in [22] which are rather
standard models for energy prices (see for example [13, Chapter 23.3] and
[20]). In Section 4.2 a finite difference method for Eq. (34) is presented.
Section 4.3 deals with a popular method used among practitioners: Least
Square Monte Carlo, which works on a discrete version of the value func-
tion in Eq. (11), and does not use the HJB equation. This method is not
accurate as finite differences, but it is easy to implement, even if it suffers
of some drawbacks we will discuss later.

All the algorithms we present work in discrete time. In the whole chapter
we assume that the time intervals [0,T] and [T, T),+1] are discretized into
appropriate sequences which will be defined time by time when necessary.
For the finite difference algorithm, also the intervals on which the prices lie
has to be bounded and discretized, while the other method takes advantage
from Monte Carlo simulations of path prices.

4.1 Price dynamics

We assume that the log-prices of the spot gas price P; = log P, and spot
index price Z; = log I; follow the mean reverting dynamics
dP(t)
dZ(t) =

Op(pp — P(t))dt + opdWp(t)
(i — Z(t))dt + o;dW;(t)

whose solutions at time s, given the states P(t) and Z(¢) at time ¢t < s, are
P(s) = (P(O) — i)e ™y 0, [ MW (31
t
I(s) = (T(t) = pp)e " 4 i + o / S gWiw) (38
¢

The processes W), and W; are two Brownian motions with mutual correlation
p. The realizations of the log-prices are defined using the notation:

pr = log(ps) = log(Fi(w)) = Pr(w)
iy = log(iy) = log(I(w)) = Zy(w)

We suppress the subscript ¢ when clear from the context.
The conditional mean and variance for the log-processes P(t) and Z(t)
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can be derived from Equations (37-38)

mp(t,p:5) = Bra[P(s)] = (P(6) = e~ iy = (p = pp)e 70 4 g,

s 2
l/p(t, 8) = Val‘tz['])(s)] = 0—2/ eer(u_S)du — Ji(l _ 620p(t—s))
’ ¢ 20,
mi(t,i,8) = BralZ(s)] = (Z(t) — pa)e P60 4 py = (i — pg)e %60 4 gy
S 2
Ui(t, s) = Vare o [Z(s)] = o / G = T (1 ()
t %

For the price processes P(t) and I(t) we obtain:
1
dP, = dexp{P(t)} = P, ((Gp(,up —log(P)) + 202) dt + Udep(t)>
1
ity = desp(2(0)) = 1 ( (01 10800) + o7 ) dt + i)

{Em )] + ;Vartz[P(s)]} -
&3

1
my(t,p,s) + Vp(t 5)} =

2
= exp {(log(pt) — 11p)e 0 4 gy + E[l - 62%@—5)]}

Finally, we calculate the conditional joint density fpz of the log-price
random vector (P,Z) at time ¢ given the realization p and i

) _ p_mp(tapas)
g’P(patqu‘aS) - Vp(t, S)

. - i_mi(t’i’ S)
gI(lﬂ t?‘TJS) - Vi(t, S)

62@%1,32) ((gp (pit,x,8))* +(9z (ist,2,5))* —20gp (pit.z,5) g7 (ist,2,5))

fpz(p,iit,z,8) = (39)

27, (t, 8)vi(t, s)\/1 — p?

4.2 Finite difference alghoritm

Finite difference methods are numerical methods for approximating the so-
lutions to differential equations, which use finite differences to approximate
derivatives. In our case, we build a numerical scheme, using a finite differ-
ence method, for the HIB equation (34) to find out an approximation of the
value functions V™.

26



The first step to build such an algorithm is to bound and discretize all
the intervals on which the arguments of V™ lie. This methology requires
bounds also in the price dimensions, so we assume that we have chosen
appropriate intervals B = [Pmin, Pmax] and T = [imin, imax] such that the
processes P, and I; are unlikely to be outside that intervals. This can be
a reasonable assumption if we use, for instance, processes such as the ones
in Eq. (37-38) which exibits mean reversion: we can assume that pmin, imin
are so small that the dominating behavior of the log-price process until the
time of maturity T is to increase due to mean reversion, while Puax, tmax
are so large that the process is dominated by a decreasing behavior. Let us
introduce the notation used.

T =[Th-1,Tn] — Thaa=ti<...<t,<...<tn, =T, 0 =tys1 — tn
m:[pminapmax] — Pmin =P1 < ... <Pm <...<PN, = Pmax 6p:pm+1_pm
J = [imin, tmax] = fmin =191 < ... < <...<IN, = imax 0i = ime1 — im

3 =10,aT] - 0=zn<...<z<...<zy,=ul 0, =2p11— 2r =11

We notice that, having choosen such compact intervals 3 and J, Assumption
1 are satisfied also for the price processes (37-38).
The covariance matrix A(t,z) = (XX')(¢, x) is given by:

oy (t, P,) m(t,fg)ap(t,Pt)p 00

o;(t, It)o,(t, P, o;(t, 1, 00

A(t, X)) = (Az'j(t, Xt))i,je{l,...A} _ (t, Iy) 01?( t)p (0 t) 0 0
0 0 0 0

Being A;j(t,x) > 0 we can follow [14, Section 5.3.1 and 12.1] and use the
following finite difference approximation. We use the notation V'(m, [, [, r)
for the approximation of V"*(t,, pm, i1, i;, 2-) and we suppress the superscript
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n when not needed for the sake of notation. The HJB equations becomes:

v tm, 1,0 ) = Loy 0opoi ol i)y (m, 1,0, 7)+
6t v M, 6,6, T) = 6t 5p 51 61 5p 51 v+1\M, 6, 6, T

02 i 7 /
! (25 - S ) (Vosa(m + 1,1 17) + Voa (m = 1,11 7))+
D 1

2 : i ]
+ <UZ - papm) (Vopr(m, L+ L1 r) + Vi (m, L= 1,1, r))+

20, 20;
pPOpT; . .
+ 5.5 Vosrm+ 1,14+ 1,0,r)+ Vo1 (m—1,1—1,1,7))+
ip
+ &VV"Fl(m—’_ 17l)[7 T)+
dp
+ %Vl/+l(m7 l + 17 Z7T)+
+ PIpTi (Vogr(m+ 1,1+ 1,1, )+ Vopr(m—1,1— 1,1, r))+

20;
+ e*T(tn*Tn—ﬂ <p . % + [Vl/-‘rl(m7 l’ i,’l” + 1) - V,,_H(m, l, Z,T)]) .

dz
u* <m, I,

Remark 5 An important feature of the Kushner scheme we presented in
(40) is that the discretized HJB equation is iself the dynamic programming
equation for a suitable defined stochastic control problem for Markov chains.
This fact is used in [14] to prove the convergence of the discrete value func-
tion to V™ (t,x). Another proof, which make use of the viscosity solution,
can be found in [11, Chapter IX, Sections 4-5].

VV-‘rl(maler'i_?_VV+1(m7l)Z7T)]> (40)

4.2.1 Boundary conditions

In order to implement the numerical scheme in (40), we need some boundary
conditions. The key point of this subsection is the remark that the spot index
price I, that is an average in past values, has a mean reversion whose speed
should be significantly lower than the mean reversion of the spot price P.

Boundary conditions on 8 and J. Regarding the boundary conditions
on p and 7, the key idea is to use the mean-reversion behaviour of prices to
determine how the holder will optimally use her optionality, i.e., determine
the optimal control u}.

When p = pnax, being the mean reversion of the spot P higher than the
mean reversion of the index I, we can assume that in the future this spread is
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likely to decrease. In this view, even if pmax — < 0, the optimal operational
behavior should be to use as much of the swing option as possible until
z < M. If we denote

M —
71 = 71(t,2) = min {t + Z,Tn}
u
then we can assume the boundary condition
Vn(tapmaxu (3 %7 Z) =
T1 “
=1, Bia [ / e T (py z’)ds] (41)
t

LB, [e_rm—nfl)vnﬂ (Tm Pr, Iy, I, 2 +a(r — )1, M)}

When p = pmin the spread p — i is expected to increase. This implies
that the optimal operational behavior when p = pyi, should be to wait as
long as possible before exercise. Then, by introducing

M —
Ty = To(t, 2) :max{t,T— — Z}
u

and using the convention fab f(z)dz =0 if a > b, we can assume
Vn(taprnina iv 27 Z) =

Tn .
=ul, ;7 Ets [ / e (=T (py — i)ds] (42)
T2
A Tn
+ Et,z |:e—r(Tn—Tn1)Vn+1 (Tn, PTn’ ITn’ ITn, z + 1z<]\7[ / UdS):|
T2

We next calculate the stochastic integrals (41-42) defined by the bound-
ary conditions on the truncated boundary. We have, for a < b

b
E¢ [/ er(ST"l)Psds} =

b
= / e "I R, ,[Py)ds =

)

2

b o
/ exp {—r(s —Th1)+ (P(t) — ,up)efep(sft) + pp + ﬁ[l — 629P(t8)]} ds =
a p

o2 b o2
=exp s fp + ﬁ +rTh—1 / exp { —rs + (P(t) — pp)e %= —ﬁewp(t*s) ds =
P a P

= g(a,b,P(t))
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Let us define for any a,b € R the function:

b
E(a,b,p,1) = Euq [/ e "D (P — i)dJ
R b
=14 <g(a, b,log(p)) — Z/ e—T(S—Tn—l)d8>

= 1a<b (g(a, b, log(p)) _|_ %67',1—1”71 (eirb _ e,ra)>

For the boundaries on J, as a first approximation, we take a linear interpo-
lation, i.e. we set:

V™t Py imins 4 2) = V™, Pmins tmins 4, 2)+
n V”(t,pmax,imin,i, z) — V"™(t, Pmin, imins 4 z)(
Pmax — Pmin
V' (t, P, imax: 65 2) = V"™ (£, Pmin, imax, 1, 2)+
V™ (t, Pmax, fmin, 4 2) — V" (£, Prin, imin, 4, z)(

Pmax — Pmin

b - pmin)

+ p— pmin)

Boundary conditions on %¥,,. The terminal condition at time T,, is well
known:
Vn(Tn, .T) _ efT(Tn*Tnfl)VnJrl(Tn’ I)

Boundary conditions on 3. The only boundary condition on the set
[0,uT] needed for our numerical scheme is on the right boundary 7. This
quantity can be reached only at the end of the year and in this case the
contract value is given by W(aT'). This implies

V(t,p,i,i,al) = ¥ (al)

Notice that, in principle, the feasible support for the variable z depends
on the month n. In particular, we can restrict the solution of V™ to the
interval z € [0,aT},], but we have no hint about the boundary condition
V"(t,p,1, 1, uT,). To avoid this problem, we let 3 be the same for every n.

Example 1 Let us give a first example for n = 12. We have, for the relevant
functions needed:

V12(T12,p, i1, z) = e_T(T”_T“)\II(z)
V2(t,p,ii,ul) = e T2 1)@ (4T
V12(t,pmax,i,g, z) = ﬂlZ<ME(t,7'1,pmaX,%)+
+e Mg (41, (r — t)a)
VlQ(t,pmin, i, 5, Z) = ﬁlz<ME<T2, T127pmin7 i)—i—

+ e—r(lefTu)\I;(Z + 1z<]\7[17'2<T12 (T12 - 7'2)71)
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Notice that, in this case, V'2(t, pmax, %, %, 2) and V'2(t, pmax, i, 4, 2) do not
depend on ¢. This is intuitive, because during the last month the knowledge
of the spot index value give no extra information from the market.

We can now use the numerical scheme in (40) to find out an approxima-
tion of V12,

Example 2 Once V1! (t,p,i,%, z) is known, the relevant boundary condi-
tions on V" reads

V”(Tn,p,i,%, z) = efT(TnfT”*I)V"H(Tn,p,i,%,z)

V™ (t,p,i,i,ul’) = e "I~ Tn-1) g (gT)
V™ (t, Pmaxs iy 1, 2) = @l E(t, 71, Pmax, 1)+

+ e "I, (VYT Pr,, In,, Iy, Z1,)] =

)+
B[V (T, Pr,, Iy, I7, s 2 + 1, (11 — )@)]
=ul,_;;E(t , pmax,i)—}—

+ /2 VT, e et el 2+ 1,y (11 — t)a) fp 2 (b, i, @, T )dpdi
R

t,x
= U1z<ME(t T1, pmaxai
+e —r(Tn—Th-1)

Vn(tapmina i, 'Za Z) = I_L12<ME(’7'2, T}, Prin, 'Z)+
+ e "I IR, J[VPTN(T,, Pr Iy, I 2+ 1 g Ly, (T — 72)10)]

4.3 A Least Square Monte Carlo algorithm

The Least Square Monte Carlo (LSMC) approach was originally developed
by Longstaff and Schwartz [17] for valuing American options. Today, it is
widely used also in the energy field to evaluate structured products, see for
instance [5],[0] and [8] for application of LSMC to Virtual Storage struc-
tured products and [24] for applications to Virtual Power Plant structured
products. A summary of existing research on swing option valuation can be
found in [1].

The Least Square Monte Carlo works with a discrete time version of the
problem (11), which we present in the next Eq. (45). To reduce dimensional-
ity, it does not take care about the spot index price I;, and works only with
the traded price I; with monthly granularity, eventually stretched to daily
granularity as we did in Formula (1), if the time step of the algorithm is
daily. In practice, Least Square Monte Carlo is losing the information given
every day about the knowledge of the index spot price. As a consequence,
the algorithm does not need to distinguish value functions between months,
as did before.

To avoid huge notation, in this section we set the risk free r to be 0.
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Assumption 3 In this section, the notation V™ stands for the value func-
tion calculated for path number n in a Monte Carlo environment, where N
paths for stochastic dynamics have been simulated.

The LSMC method is based on the intuition that conditional expecta-
tions in the dynamic programming pricing algorithm can be replaced by its
orthogonal projection on some space generated by set of basis functions of
the present state, obtained using Monte Carlo simulations and least-squares
regressions to estimate numerically said ortjogonal projection. Let us intro-
duce the key idea in whole generality, and then focus on the swing problem.
Time interval [0, 7] is now discretized into a sequence {t;};—o, . n, with

O=t0<t2<...<tNT:T

and where t;,1 —t; represents, most of the times, one day. If X is the state
process (underlying the general control problem) adapted to the filtration
{Ft},, given the realization at time ¢; denoted by Xy, = x;, the key idea of
the LSMC algorithm is to replace in the dynamic programmig equation in
discrete time

V(tj,xj) = sup{L(tj, zj,uj) + BV (41, Xj11) [ F, ]}

J

Xjv1 = f(@j,uj, Wjg1)

the conditional expectation E[V (t;41, X;41)|Ft,] with

+00
B[V (t41, Xj00)|Fi;] = D ol fe(wy, uy) (43)
=1

where f¢ are functions taken from a basis of a functional space (polynomials
of degree &, Laguerre polynomials, radial basis functions, ...) and ozé+1 € R.

From a computational point of view, we can not work with infinite sums
and so a first choice need to be done on the number of basis function we
want to use. Let N¢ be this number.

4.3.1 Least Square Monte Carlo for swing problem

Let us now focus on a swing problem. As said, here we consider only the
spot gas price P(t) and monthly index price I(¢). The value function in

discrete time for this problem is (see [10])
Nr
V(tj,p5,15,2) = sup By, o, | Y (Pe — Ix)ux + ¥ (Zr) (44)
u .
k=j
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Using the dynamic programming principle, which states that if a control is
optimal on a whole sequence of periods than it has to be optimal on every
single period, we obtain in discrete time:

Nt
V(tj,p,i,2) = sup By | Y (P —I)ux +U(Zn,) | =
Ujy- s UNp k:]
= sup{(p — uj + Ej[V(tjt1, Pjs1, L1, Zj+1)]} =
uj
= sup{(p — D)uj + B[V (tj11, Pjr1, Ly, 2 +u)]} (45)
uj

where the notation E; stands for Ey, ., [-].

The Dynamic Programming Principle in (45) and the least square re-
gression are now used as follows by the LSMC algorithm. After having
simulated N paths for the price dynamics {p™(t;),"(t, )}; 11 -V Np» Which
we will denote with p7 and %;‘, the algorithm goes backward in tlme.
Algorithm 1

Forevery t =TT —1,...,1:
— if t; =T (i.e. j = Nr), set for every path n
VT, p, i, 2) =U(2), Vi=1,...,N

— if t; < T find out the optimal control a} and the value function V"
for every path n =1,..., N with the maximization

V"(t;,p}, 1}, 2) = sup : u—l—ZoﬂH fe(@},1%, 2+ u)
u

— if t; > 0, calculate the coefficients aé by minimizing the norm

N

min CRZ Vn( ]7]737 J, Za§f5 p] 15 % ] 1, % )
n—

{Otg}§:1 ..... Ng
(46)
— if t; = 0 then V1(0, p}, %, 0) is the contract value

While the LSMC algorithm is very flexible, it may, on the other hand,
be influenced by many user’s choices which are capable of influencing the
pricing procedure. For instance, choices regarding the type and the number
N¢ of basis functions as well as the number N of Monte Carlo simulations
used. These choices can be critical: as shown in [19], while for some type of
derivatives (such as the American put) the LSMC approach is very robust,
for more complex derivatives the number and the type of basis functions can
slightly affect option prices.
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4.3.2 Radial Basis Functions Approximation

In general, from Formula (46) it is evident that fe¢ shoud be of the form
fe : R? — R for a general swing problem. A 3-dimensional fitting may be
computationally challenging. In order to speed up the algorithm, sometimes
we can simplify this point. We notice that, in absence of any particular
constraints linked to single price path, the spread P; — I j is, in practice, the
key quantity on which decisions are taken. We can define a new random
variable

Sj=P;— 1

and write the problem (45) as:

Vi(tj, s, 2) = sup{su; + B[V (tj11, Sj1, 2 + uy)]} (47)
uj
From a numerical point of view, we have reduced our state space to a 2-
dimensional one, and now for every ¢; a surface has to be fitted.
To avoid dimension problems, a good general idea can be to adopt nu-
merical methods based on radial basis functions. They are well known for
their dimensional blindness, which potentially allows to use them for solving

very high dimensional problems. This dimensional blindness comes directly
from the definition of RBF.

Definition 5 A function ®.: R™ — R is called radial provided there exists
a univariate real valued function ¢ : [0,4+00) — R whose value depends only
on the distance from some point c, called centre, so that:

Oc(z) = o([lz — cf])

The norm is usually the Fuclidean norm, although other distance functions
are also possible.

There are a lot of different choices for the radial functions ¢. Some
are globally supported like the Gaussian and the generalized multiquadratic
while others are compactly supported, such as the family of Wendland func-
tions. Throughout this paper we use a specific kind of this type of functions,
the Wendland C? functions defined in R?, which have smoothness of order
2 and can be used in problems up to and including three dimensions. The
functional forms of such radial function is

o(r)=((1— ET)+)4(4€7’ +1) (48)

This choice is given by the property of those functions, which are sufficiently
smooth for our problem, but not too smooth. As suggested in [7], with a
higher order of smoothness we would risk to over-fit the problem, and with
globally supported functions, like Gaussians (which are infinitely smooth)

34



the regression matrices would have very large conditioning numbers, and
would be harder to invert.

The xext paragraphs proceed as follow. First, to fix notation, definitions,
and general ideas, we briefly formulate the problem of interpolation and
approximation with RBF. Next we apply the RBF approximation to our
swing problem and present the algorithm in two dimensions. This algorithm
is the basic framework of more sophisticated algorithms, where additional
state dimensions are included; it gives the idea of the features of radial basis
approach. Finally, next subsection 4.3.3 presents a particular case when
the two dimensional regression can be replaced by a simple one-dimensional
regression jointly with the use of a proper quantization of the cumulated
quantity space.

Interpolation and approximation with RBF: introduction. The
problem of RBF interpolation and approximation is posed as follows. Let
{¢j}j=1,..m C R™ a chosen set of centers for our basis function ¢ and let
f:R™ 2 Q — R be the function we want to interpolate/approximate. Let
us suppose we have measured the sequence {y;};=1,.. .y C R whose values
are realizations of f at a set of IV distinct locations {z;}i=1,.. n C

We want to find a function sy : 2 — R who has a RBF expansion such as

M M
sp@) = aj@e(@) =Y (e —¢l)  zeR" (50)
j=1 j=1

where {o;};=1,..m C R are the regressor coefficients and ¢ is a RBF applied
to the center points ¢; and locations x;. We force the conditions

sp(w) = f(wy) Vi=1,...,N

which can be rewritten using Equations (49) and (50) as
M
vi= aiollzi—cl) ¥i=1,....N (51)
j=1

Formula (51) is a system of linear equalities with NV equations (one for every
measure (z;,y;)) and M unknowns (the coefficients «;) that can be expressed
in matrix notation

Y = ®da (52)
where Y € RY is the vector of observations Y = (y1,..,yn)T, a € RM is
the vector of interpolation coefficients o = (ay,...,ap)! and & € RV*M

is a matrix resulting from applying the RBF ¢ to every entry of the distance
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matrix D, whose entries are the Euclidean norm of the data sites against
the center points

lz1—cll -+ o —cll - fler —enl|
D=| lzi—al - lwi—gll - lzi—cul
leny —all - flav =gl - llzv —eumll

It is clear that, whenever N = M, the matrix ® is square and we can
perform an interpolation while when N > M the system in Eq. (52) is over-
determined. Being D generated by a set of distinct center points, it is always
of full column rank M. If (52) is over-determined, we can solve it by means
of linear least square minimization, i.e. find the solution a* such that

o =argmin||Y — ®af| (53)
[0}

From linear algebra, a possible solution to (53) can be found using the
Moore-Penrose inverse @ of the matrix ® (see [21]) which leads to

of =dtYy

Application to the swing problem. Coming back to our swing prob-
lem, the RBF approximation can be used in Algorithm 4.3.1 to find out the
coefficients in Eq. (46). The algorithm rewrites as

Algorithm 2

Let [0, wT"] be discretized into a sequence {2y }r=1,.. n,. Let {cete—1,. m C
R? be the sequence of centers we have chosen! for the Radial Basis Func-
tions.

For every j = Np, Np —1,...,1:

— iftj=TsetVn=1,..., NandVk=1,...,N,
VT, sy 2k) = ¥(2k)

— if t; < T find out the optimal control @} and the value function
V™ for every path n and for every? k = 1,..., N, with a numerical

!Notice that we need centers both in the spread dimension as well as in the cumulated
quantity dimension, i.e. every center c¢ takes the form c¢ = (cé, cg)T. A first choice for
¢! can be chosen using the simulated path as an equispaced grid with M?! points in the
interval [min, ;{p}}, max, ;{p}}] while for ¢*> we can choose an equispaced grid of M?
points in [0, @T7], resulting in a total of M = M* - M? centers. Other choices are possible,
in particular for the cumulated quantity. As an example, in [7], a non equispaced grid
with higher density of points on the boundaries is used. Also time-dependent centers can
be used, at the expense of an increased effort in programming.

2We may restrict the calculation only to the values z feasible at time t;, ie. zp <ut;
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maximization

Ne .
s
Vn(tj,s?,zk) = max sg-lu—i— E a§+1¢) (H< Zk—ji-u ) —ce
=1

(54)
— if t; > 0 define the vector Y; and the matrix ®;_; as
Vl(t]‘, 5]1-, Zl)
VN(t], sév, 21)
V (t]7 S 22)
Yi= VN (¢, sj-v, 29) (55)
VN(tjv 8?7 Zk)
(tj, ﬁv ZNy,)
1 1
5 105 )
21 21
(7 ) (7)o
21 21
sk 1
] 1 ijl —_ CM
29 z2
Q1= oV N (56)
Sj—1 =) — e
22 22
‘771 1 8.?_1 - CM
2k 2k
: N
(B ()
ZN,
and calculate the regression coefficients a;; = (oz]l-, —oya)t by solv-
ing the over-determined system
Yj=®j10, (57)
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For instance, you can use the Moore-Penrose pseudoinverse of ®;_
and compute

aj = argmin||Y; — ®;_105] = €] (58)

— if t; = 0 the contract value is V1(0, p}, 23, 0)

4.3.3 Reduction to one dimension: cumulated quantity discretiza-
tion

Even though the system of equations (57) should not require a long solution
time, we have to notice that Algorithm 4.3.2 requires Np - N - N, numerical
maximizations (non-linear most of the times, and sometimes integer), com-
ing out from Formula (54). They may require a not negligible amount of
time. With some stronger assumptions, or by means of some approximation
of our problem, the maximization in (54) can be avoided. The key result is
the following.

Theorem 10 Let us consider a general swing problem in discrete time de-
fined on the interval [0,T] and with the constraints

uj € [u,

zr € [M,m
If the quantity o

M- M
uUu—u

1s an integer number, then there exists an optimal bang-bang Markovian
control u;f, i.e. forallj=1,..., Ny we have u;‘ =u or u;‘ =u.
Proof See [3]. O

Thanks to Theorem 10, when assumption in Eq. (59) is satisfied, we
can focus our attention only to bang-bang optimal controls of the form
uj € {0,@}. In other words, we can discretize in a suitable way the interval
[0,aT] on which z; lies. This leads to a binomial tree for the cumulated
quantity because the optimal values for z have the form:

z=au+ bu a,be N

Let us suppose we have such tree, i.e. we have a suitable sequence {z}; of
values for the cumulated quantity. For instance, if u = 0, at a first glance we
can define z; = ku. Then the maximization in (54) becomes a maximization
between only two possible values, and the two dimensional regression falls
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into a one dimensional regression. Algorithm 4.3.2 changes in this way.
Having lost a dimension, now the centers {05}5:17._,’ p of our RBF lie in R
and the vector Y; in (55) and the matrix ®; in (56) read as

1
®;
: |sj—c| o s} — el
e = @} | = : s — ¢l
: sN —ail o |5 —eu
@N

Vl(tj,sjl-,zk)

k_
Yj_

VN(tj, Sév, Zk)

where @7 stands for n-th row vector of matrix ®;. Notice that ®; does not
depend on k, while Y} does it. Also the coefficients o; now depend on k,
and for them we use the notation a? and compute them in the same way of
Formula (58)

k : k k k
aj = argmin 1Y;" — @510 = <I>;Lle
Formula (54) can now be rewritten. Being ®; independent from k, we can
calculate it only one time for every time step: at time ¢;41 we compute ®;,

and then we re-use its rows at time t; being

V't 87, 2k) = max{sju + B[V (tj41, Sjt1, zre1)]s By [V (g1, Sjens 2i)]}

_ n- n_k+1 n_k
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