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Motivation
Haverly pooling problem

f ———————————————— ~

\

<2.5%S $9 l 1 |!

Blend A —> | I

<100 I I

| [

> |

| 1

| 2 |

N <1.5%S $15 | 3 I

<2%S $10 Blend B ———> \ /
3 »- [/"i.” <_200 — e e e e e e e e e e M oo 7

Haverly pooling problem *

max  9(p, +q;)+15(p, +¢5,) = (6g, +16q, +10q;)
S.t. ql+q2=p1+p2

3¢, + 4,

431 t 43 =4;
Linear inequalities

* Haverly C. A., “Studies of the behaviour of recursion for the pooling problem”, ACM SIGMAP Bulletin, 25:29-32, 1978.



Motivation
Nonconvexity of bilinear function
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Motivation
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Stochastic Haverly pooling problem
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Motivation
Stochastic Haverly pooling problem - Two-stage stochastic program

The stochastic pooling problem
- A potentially large-scale mixed-integer bilinear program

[ . T O (7 T T Economic
y,l;c?}f}cs, ¢ y+ ; (C27hxh + C3,th + C4,huh ) } Objective
q15--4y»
st =x,,4q,, VLOEQCHL..,nix{l,.,n}, Yhell,. s} Mass

~ ~ ~ ~ B balances
A0, + A5, + A, = b VREL, s} _

P = Ay + A, + Ayq, + Ay, < b, YHEL...,5) n
~ ~ ~ ~ Flow
Ay %, + A ,q, + Ay u, < b, ,YREL, ., s} — constraints
X, =X,=X,, q, =q,=q,,YhE,..s)

Topology
By =<d, } constraints

x, ER™, q, ER" , u, ER™ VYhE]L,...,s}, yE{0,1}"




Motivation

Stochastic Haverly pooling problem - Different Results

Form. 1 — Uncertainty and quality not addressed
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Motivation
Sarawak gas production system (SGPS)

I
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| + Daily production
: - 4 billion scf

: ¢ Annual revenue
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- US $5 billion
(4% of Malaysia’s GDP)
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Motivation
SGPS design problem

Gray symbols with solid lines:
- Units developed already.
Symbols with dashed lines:
- Units to be determined.
Source of uncertainty:
- (02 % of the gas from field M3.

The design problem can be modeled as the stochastic pooling problem

10



Motivation
SGPS design problem - Different results

LNG1 LNG2 LNG3 LNG1 LNG2 LNG3

Form. 1 — Uncertainty and quality not addressed Form. 2 — Only quality addressed

SR
(Billion $) | Satisfied?
1 N/A No
2 29.0 Yes
3 32.2 Yes

LNG1 LNG2 LNG3

Form. 3 — Both uncertainty and quality addressed
11



Motivation

SGPS design problem — More sophisticated model

A SGPS Subsystem

T M4A
Py naa
Pi s

PI\BP

Well performance model (M4A)

2 2 2
aM4AFM4A,M4 + /))M4AFM4A M4 ='7[r,M4A _I)b,M4A

~A,, P

2
0M4AFM4A,M4 M4A ‘M4A"t,M44

Compression model

P

M3P
P

c,M3P

-1

WM3P = wM3PFM3P,T

Trunkline flow-pressure relationship

P —-pP?= F?

M3P T M3PT M3P,T

12
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Motivation
Stochastic separable mixed-integer nonlinear programs

Stochastic separable mixed-integer nonlinear programs
— Models for energy infrastructure design and more

Energy Polygeneration

Natural Gas
yeyY Plant

Production System

Pump Network

b

QOil Refinery 13



Motivation
Challenges for numerical optimization

Stochastic separable mixed-integer nonlinear programs
— Models for energy infrastructure design and more

S
. T
min E w, (fh(xh)+chy)
X peesXg Y ~

st. g,(x)+B,y=<0, h=1,.s
x, €X,, h=1,.s
yveyY

¢ Accuracy of uncertainty representation
- Large-scale optimization problems

+ Profitability and feasibility of design and operation
- Global optimization of nonconvex problems

14
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Motivation
Two decomposition philosophies for scenario-based problems

min th (f,(x)+cry) min_ th (f,(x)+civ,)
1w Xy s = X yeeesXg 5 =
st. g,(x)+B,y=<0, h=1,.s st. g,(x)+By, <0, h=1..s
x,€X,, h=1..s Yy =Vp» h=1..,85-1
yeY x, €X,, h=1,.,s
v €Y
0” '0..
¢ Benders decomposition/L-shaped method ¢ Danzig-Wolfe decomposition
- Linear duality - Linear duality
¢ Generalized benders decomposition ¢ Lagrangian relaxation
- Nonlinear duality - Nonlinear duality

15
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Motivation
Two decomposition philosophies for scenario-based problems

min th (fh(xh)+c}fy)

X 5eees X,V
st. g,(x)+B,y=<0, h=1,.s
x,€X,, h=1..s

yeyY

Benders decomposition/L-shaped method
- Linear duality

Generalized Benders decomposition

- Nonlinear duality

L

16
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Motivation
Nonconvex optimization

f(z)

/

local minimum

global minimum ——

i

Standard optimization techniques cannot
distinguish between suboptimal local minima

17
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Motivation

Deterministic global optimization methods for nonconvex programs

¢

Deterministic global optimization via branch-and-bound

- Generates a sequence of upper and lower bounds that converge to a global optimum by domain
partitioning and restriction/relaxation.

References

- M. Tawarmalani and N. Sahinidis. Convexification and global optimization in continuous and
mixed-integer nonlinear programming. Kluwer Academic Publishers, 2002.

- R. Horst, P. M. Pardalos, and N. V. Thoai. Introduction to Global Optimization. Kluwer
Academic Publishers, 2nd edition, 2000.

- Floudas, C. A. Deterministic Global Optimization: Theory, Methods and Applications; Kluwer
Academic Publishers, 2000.

Commercial software
- BARON (Branch-and-Reduce Optimization Navigator): Sahinidis, N. V. and M. Tawarmalani,

BARON 9.0.4: Global Optimization of Mixed-Integer Nonlinear Programs, User's manual,
2010.
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¢ Duality Theory — A Geometric Perspective
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Duality Theory — A Geometric Perspective
Mapping into constraint-objective space

Primal Problem

min 7 (x)
st. g(x)=0 f:R"—>R, g:R"—=R"
Xn A e f(X) |
P N Mapping
- S
R % e

Optimum

20
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Duality Theory — A Geometric Perspective
Supporting hyperplane and dual function

Primal Problem
min f(x)

st g(x)=0
%1 w=f(0) 4

Mapping

-
=<
-~
-~

"""" <.

R” X R™*! z=g(x)
H={zwER" :u"z+w=c} u=0

21
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Duality Theory — A Geometric Perspective
Supporting hyperplane and dual function

Primal Problem
min f(x)

st g(x)=<0
X, 4 w= f(x)

»

X | N Mapping

R" X, Rmﬂ \ Z7 = g(x)

H={z,wWER™ :\u"z+w=¢ u=0

A T — T —
é= inf w'zew=inf f(0)+u g(x

Dual function
22
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Duality Theory — A Geometric Perspective
Dual problem

Primal Problem Dual Problem
o — . f T
min f(x) TS q(u) =inf f(x)+u g(x)
st g(x)=<0 st. u=0
X, 4 w= f(x) 4

Mapping

-
-=o
~

H={z,wER" :u"z+w=¢  u=0
A_: T —
¢ =inf f(x)+u g(x) = g(w)

23
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Duality Theory — A Geometric Perspective

Weak duality
Primal Problem Dual Problem
o — . f T
min f(x) TS q(u) =inf f(x)+u g(x)
st g(x)=0 st. u=0

Weak Duality: Define f*= inf f(x), g*=supg(u), then f*=g*,

X=X ,g(x)=<0 1=0

Proof:  Forall u =0 and for allx& X such that g(x)=< 0,

q(u) =inf L(x, 1) = f(x)+ u' g(x) = f(x),
SO

q*=supq(u)= _inf f(x)=f*.

=0 xXEX,g(x)=<0

24
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Duality Theory — A Geometric Perspective
Strong duality

Primal Problem Dual Problem
i = inf +u’
min f(x) MR g ) = il e i )
st g(x)=0 st. u=0

Strong Duality: Let —% < S*=_inf f(x) <+, g*=supq(u). If the primal

xXEX,g(x)=<0 1=0

problem is convex, feasible and satisfies Slater’s condition, then fr=g*.

Proof: See

D. P. Bertsekas. Nonlinear Programming. Athena Scientific, 2nd edition, 1999.

25
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Duality Theory — A Geometric Perspective

Duality gap
Primal Problem Dual Problem
min f(x) R () =l e u'g(x)
st g(x)=<0 st. u=0
X, 4 w=f(x) 4

Rn

26
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Duality Theory — A Geometric Perspective
Example 1
Primal Problem Dual Problem
rrxgl X, — X, max g(Zu—l)xl+(u+l)x2—2u
st 2x,+x,-2<0 st. u=0

X ={xER*:x,20,x, 20}

X, 4 w=XxX,—X 4

(2,0)

(-2,0)
S
X
(1,0) Z=2x +x,-2

(0,1)

]RZ xl R2

27
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Duality Theory — A Geometric Perspective

Example 2
Primal Problem Dual Problem
Ix%i}l (x, = 1)* + (x, = 1)° ml?x iélkf;()ﬁ -1 + (x, = 1)* - u(x, +x,)
st. —(x,+x,)=<0 st u=0
X =R
x2 4 W = (xl - 1)2 + (.xz - 1)2 A
1,
B(Z)=EZ +2z+2
b'e S
REGRIECRY
R? X, (-2,0) p2 z= _(x]'+ X,)

28
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¢ Generalized Benders Decomposition
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Generalized Benders Decomposition
A generalization of Benders decomposition

¢ Generalized Benders decomposition (GBD) is an extension of
Benders decomposition.

- A.M. Geoffrion. Generalized Benders decomposition. Journal of Optimization Theory and
Applications, 10(4):237-260, 1972.

- J. F. Benders. Partitioning procedures for solving mixed-variables programming problems.
Numerische Mathematik, 4:238-252, 1962.

¢ Target Problem

min £ (x, y)
X,y

st g(x,y)=<0
xeX,yeyY

Assumptions: (a) X CR™ and Y CR™ are compact,

(b) Forally€Y, f(,y):R™ —=Rand g(-, y): R™ — R" are convex on .X.
(c) For y fixed to any feasibley €Y , the probkm satisfies Slater's condition.

30
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Generalized Benders Decomposition
Principle of projection

ng’iyn f(x,») myin P(y)

st g(x,y)=<0 <:> st. ¢(y)= inf  f(x,y) Optimality

xEX,g(x,y)=<0
xeX, yeY yEY NV,

Feasibility
V={y:IxeX, g(x,y)s 0}

31
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Generalized Benders Decomposition

Optimality cuts
min ¢(y)
st ()= xexlgr%xf eo f(x,y) Optimality
yeynvr, s
Feasibility

V={y:5|x€X,g(x,y)s 0}

5

32
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Generalized Benders Decomposition

Optimality
. Convex, Slater’s
myln ¢() condition holds
1z = inf , Optimali = inf 7(x,y)+ A" g(x,
st. 9(y)= _ inf ' f(x.) pimaity (= ¢(y) =supinf f(x. ) + A g(x. )
yeynvr, s
Feasibility

V={y:5|x€X,g(x,y)s 0}

X, 4 W=f(xay)“
Mapping
@ < 5
v
X, z=g(x,y)

33
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Generalized Benders Decomposition
Optimality, nonconvexity strikes

Convex, Slater’s

myin ¢() condition holds
_ . L _ . T
st ¢(y)= xEX,lgrg:y)sO f(x,y) Optimality <:> o(y) = S;}iggf(x’ V+A g(x,y)
yeynvr, s
Feasibility

V={y:5|x€X,g(x,y)s 0}

N w=f(x,)

: Mapping

»

z=g(x,y)

34
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Generalized Benders Decomposition

Feasibility
min ¢(y)
z. = inf , Optimali
st. 9()= _inf f(xy)  Opimaiy
yeYnvy, -
Feasibility

V={y:5|x€X,g(x,y)s 0}

5

35
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Generalized Benders Decomposition

Feasibility
min ¢(y)
st ()= XEXlgr%xf eo f(x,y) Optimality
eEYn
d V- Feasibility = Convex o
V={y:5|x€X,g(x,y)sO} < > {y:Ong g(x,y), YueM}
M={M:M20,Eui =1}
X A Zm =gm('x’y)“ Zm =gm('x’y)“

Mapping
""""""""" - Q
T AN
v

Z) ='g1(x’y) \ Z ;}w)

Infeasible problem

Feasible problem
36
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Generalized Benders Decomposition
Feasibility cuts, nonconvexity strikes

min ¢(y)
st ()= XEXlgr%xf eo f(x,y) Optimality
eEYn
Y Vs Feasibility ~ Convex o
V={y:5|x€X,g(x,y)sO} < > {y:Ong g(x,y), YueM}
M={M:M20,Eui =1}
xn A Zm =gm(x9y)“
Mapping
. S(v R
X N z, =g(x,)

37
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Generalized Benders Decomposition
Master problem

Master Problem

min f(x,y)
X,y

st. g(x,y)=<0 st. n= gf(an) +A'g(x,y), YA=z0 Optimality cuts
xeX, yey .
Y 0= g MTg(xa y), YueM Feasibility cuts
II Projection
min ¢(y) min @(y)
Y Dualization 7
st. ¢(y)= xEX’lgI%x’y)sof(x, ) —> st 9(y)= supinx@gf(x, Y+ A g(x,y)

A=0
yeEY NV, O=infu'g(x,y), YueM
V={y:Ix€EX,g(x,y)=0} =

38



| B | .
M Gl
Generalized Benders Decomposition
Subproblems generated via restriction and relaxation

min f(x.) O]ty =i f(x, ") OV =min 2
st g(x,y)=<0 st g(x,y0) =0 st. g(x, ") =z,
xeX, yey YEX XEX,zEZC{zER" :z20}
RO \ Restriction
! ! - Fixing integer realization Feasibili
E\ Problem ’E l > Primal Problem f’?:)lblleiy
ﬁ Projection and
Dualization
_________________ . Relaxation .
:' ‘: -IF inite subset of constraints Relaxed Master
' Master Problem | Problem
: min
min i
. T . j J k
st m=inf f(x,0)+ A g(x,y), st. mzinf f(x,)+(4') g(xy), VA'ET
YAZOT OZg(M")Tg(x,y), Vu' €S8*
O=inf u” g(x,y),
YueM

39
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Generalized Benders Decomposition
Relaxed master problem with separability in x and y

Relaxed Master
Problem

min 7
y.n

. j J =Tk
st. pzinf f(e3)+ (A ) g(x.»), VA'ET

0= mﬁg(ui)rg(x,y), Vu es*

f(x,y)= () + L), gx,y)=g(x)+g,(»)*

This is implied in Benders decomposition!

min 7
y.n

. -\ .
S't' 7/’ZObjI]’rimal +‘fé(y)_Jp2(y(k))+(A’]) I:gZ(y)_gZ(y(k))]a V)LJETk

0= obj,, + (') [2.()-g.(»)], Vu'ES’

* A.M. Geoffrion. Generalized Benders decomposition. Journal of Optimization Theory and Applications, 10(4):237-260, 1972.

40
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Generalized Benders Decomposition
Algorithm flowchart

Update LB

Initialization

UB, LB

Yes

Primal Problem

Problem

Relaxed Master <

Feasibility
Problem Update UB
Feasibility CugL Optimality
Cut

Optimal solution or
infeasibility indication

Finite convergence proof see to an
optimum with a given tolerance is
guaranteed if y is integer or f(.,y),
g(.,y) are linear for all y in Y.

41
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Generalized Benders Decomposition
GBD and scenario-based stochastic programs

X geesXg YV

min Z Whﬁz(‘xhay)
=1

st. g,(x,,y)=<0, h=1,.., S
x, €X,,h=1,.,s
Relaxed
yveyY master
problem
y Primal or feasibility
________ subproblems

But, what if convexity assumption does not hold?

42
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¢ Nonconvex Generalized Benders Decomposition
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Nonconvex Generalized Benders Decomposition
Convex relaxation

f(z)

¢ Convex relaxation = convex approximation
¢ Most practical problems can be relaxed via McCormick’s approach

- G. P. McCormick. Computability of global solutions to factorable nonconvex programs: Part I — Convex

underestimating problems. Mathematical Programming, 10:147-175, 1976.
- E. P. Gatzke, J. E. Tolsma, and P. I. Barton. Construction of convex relaxations using automated code

generation technique. Optimization and Engineering, 3:305-326, 2002.
44
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Nonconvex Generalized Benders Decomposition
Overview

—
(Nonconvex NLP)

)

[oj Primal Problem
°

)

Restriction
- Fixing integer realization

| The Original Problem

) )
(Nonconvex MINLP) ) ]
) )

Convex relaxation
- Convexifying nonconvex functions

,___________;—-.__\———_ Restriction T ST =
. Lower Bounding | - Fixing integer realization [ Primal Bounding
_Problem (Convex | | D Problem Problem
7. MINLP/MILP) | (Convex NLP/LP) (Convex NLP/LP) | ©
GBD [ ﬁ Proj(fcti(fn and
\\ PR 4 ]_)l_ujliz_a tlf_’li - Relaxation ,
> \ - Finite subset of constraints Relaxed Master s
E Ms@er Problem ! | > Problem _- “
:\ (MISIR)_ _ R (MILP) -

________________ P S —
~—__ _—__—
e o o e o o mm
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Lower bounding problem via convexification

The Original
Problem
(Nonconvex MINLP)

mln th (fh(xh)+chy)

.....

s.t. gh(xh)+Bhy <0, h=1..,s

x, €X,, h=1,.,s
yveyY

= e e e e e e e e =

_________________

. Lower Bounding
' Problem (Convex
\  MINLP/MILP)

_________________

____________________________________

mm th( fh(x}th)"'chy)

.....

s.t. ug,h(xh,qh)+Bhy <0, h=1,..

x,€X,,q9,€0,, h=1..s
yveyY

____________________________________

Nonconvex Generalized Benders Decomposition

")

- e e e e e -

46
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Nonconvex Generalized Benders Decomposition
Primal bounding problem and feasibility problem

Primal Bounding Feasibility
Problem (LP) Problem (LP)
Do --- @ O .- @D

l l
: N )

(k) objyy = min - w, |z, ||

— T _ (k)
Ob]PBPh _rxmqn Wi (uf,h(xhaqh)-l_chy ) L T
h>1h

(k)
s.t. ug,h(xh,qh)+Bhy(k) <0, sty ,(%,,9,)+ B,y =z,

(x,,9,)EX, %0, (X, 9,) EX, X0,

k j K ZhEZC{ZERmIZZO}/

47
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Nonconvex Generalized Benders Decomposition
Master problem

Master Problem
(MISIP)

___________________

________________________________________________________________________________

' min 7 ‘
n,y

S

st.nz= ;(whc,f +A, B, )y'l';(x}l,qi:l)gXXQ[Whuf,h(xhaqh)+A«},Tug,h(xh9Qh)]a

VA, A =0, i

2 T 2 . T :
0= ; w,B,y+ ; (xh’;:ngXQ WU, , (x,,9,) i
Yu,...u EM,

! yeY,neR

e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e E e Ee e e e e E e e Em e e e e e e e R e e e e e e e e e e e e e e e = e =

48



Nonconvex Generalized Benders Decomposition

Relaxed master problem

Relaxed Master
Problem (MILP)

L.

-

min 7

n.y

st. n=objy), + ( Z (thz +(AW )T B, )) (y _ ),
=1

»

0=obj!) +(§(y? )T Bh)(y—y(i) ), Vies*
=1

Y, - Y, < {r:yﬁt)=1}|—1, VieT"US*,

ezt re=)

yveY,neR

~

VieT",

49
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Nonconvex Generalized Benders Decomposition
Primal problem

Primal Problem
(NLP)

|

l

+(1) : T_(1)
ob]pph =min w, (fh(xh)+chy )
h

st. g,(x)+B,y" <0,
1, (x,)+c,y" <UBD)",
x, €X,

50



Algorithm flowchart

UB, PBUpper,

itialization LB

Yes

Yes

PBUpper =
UB?

h=
Nonconvex Generalized Benders Decomposition

Global solution or
infeasibility indication

No
Primal Bounding .
Subproblems S bPrHIl;elll
(Convex NLP/LP) ubproblems
(Nonconvex NLP
PBP Feasible? l,
Update UB,
No PBUpper
Update LB Feasibility Update
Subproblems PBUpper
(Convex NLP/LP)
Feasibility CugL Optimality
Relaxed Master Cut
Problem &<
New I.nteg J (MILP)
Realization

Finite convergence to a
global optimum with a given
tolerance is guaranteed!
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¢ Computational Study

Agenda
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Computational Study
- Implementation Issues

Platform
-CPU 2.83 GHz, Memory 1 GB, Linux, GAMS 22.8.1

Solvers

- LP and MILP solver : CPLEX
- Global NLP solver: BARON
- Local NLP solver: SNOPT

Methods for Comparison

1. BARON - The state-of-the-art global optimization solver
2. DA —The proposed decomposition method
3. EI — Naive integer enumeration

Relative Tolerance for Global Optimization
- 1072

53
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Computational Study
- The Stochastic Haverly Pooling Problem

The stochastic problem contains 16 binary variables and 21s continuous variables
(s represents total number of scenarios).

100

3|| =---BARON ]
10 —B— NGBD /
-=-Q-+ E| (Estimated) 80 o
2 /
10 PR T

..... Wy
o~ T I R B SR ok 2 60 /.
3 & =
& » |¢4) S /
2 1 o - 8
AT e @ /
) It iad 40
RO
e = £l /
0 - —
10 S P
7 /
’
1] 4
10 & 0
2 4 6 8 10 12 14 16 0 200 400 600 800 1000
Number of Scenarios Number of Scenarios
(a) Solver times with different methods (b) Solver times with NGBD for more scenarios

54
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Computational Study
- The Stochastic Haverly Pooling Problem
1000
0L - - - - 8 --0 -0 ToT-g-p ~0--1 )
-1000} |
£-2000 : ]
3 '
=} -
53000} -
4000 ' -
50001 o -@ - o- - Lower bounds||
K —&— Upper bounds
O' = = €-optimal obj
0000 —5——; 6 8§ 10 12 14
Iteration

Convergence of the upper and lower bounds over the iterations
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Computational Study
- SGPS design problem A

The stochastic problem contains 38 binary variables and 93s continuous variables

(s represents total number of scenarios).

Seconds

=--0~= BARON
10°L| —B—nNaBD
-+-§ -+ E| (Estimated)
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(a) Solver times with different methods
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(b) Solver times with NGBD for more scenarios
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Mir
Computational Study
- SGPS design problem A
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Convergence of the upper and lower bounds over the iterations
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Mir Computational Study L.
- Summary of studied nonvonex problems
(all solved to global optimality with given tolerances)

Continuous variable | Time via NGBD
[1]
- /Integer variable (Second) Nonconvexity Implementation

Haverly 21,000/16 : Bilinear
Gas Network 68,000/19 15,610.7 Bilinear (A)
SGPS A 93,000/38 978.2 Bilinear (A)
SGPS B 93,000/38 977.1 Bilinear (A)
SGPS C 146,410/20 4,234.8 e (B)
Software 10,648/8 260.7 Logarithmic (B)
PUMp 50,578/18 2,794.8 Bilinear, (B)

quadratic, cubic

Polygeneration 14,688/70 15,825.0 2] Bilinear (O

Note: [1] Problems were run with different CPUs, GAMS systems and relative termination tolerances d:
(A) CPU 2.83 GHz , GAMS 28.1, 6=102 ; (B) CPU 2.83 GHz, GAMS 23.4, 6=10-3; (C) CPU 2.66 GHz, GAMS 23.5, 6=10"2.
[2] Enhanced NGBD with tighter lower bounding problems employed. 58



¢ Summary

Agenda

5
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Summary

¢ Energy infrastructure design problems may be modeled as stochastic
separable mixed-integer-nonlinear programs;

¢ Generalized Benders decomposition provides a promising nonlinear
decomposition framework for scenario-based stochastic programs;

¢ Nonconvex generalized Benders decomposition tackles nonconvexity
via relaxation to convex surrogate problems;

¢ Nonconvex engineering problems with practical sizes have been solved
with NGBD to global optimality within reasonable time.
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Mir I'5
Global Optimization via Branch-and-Bound
- Nonconvex optimization

f(x)

/ local maximum

/

local minimum

global minimum —

xXr
Standard optimization techniques cannot

distinguish between suboptimal local minima
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f(@)

ubd --

ub

Ibd ---

5
Global Optimization via Branch-and-Bound
- Convex Relaxation

d—1lbd > ¢

|
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Global Optimization via Branch-and-Bound
- Branch

f(@)

L1

64



f(@)

ubd, __
Ibd, =~

ubd, - -
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5
Global Optimization via Branch-and-Bound
- Branch, and bound

Ibdy > ubds
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Global Optimization via Branch-and-Bound
- Branch, bound and fathom

f(z)

ubd, __
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Ubd2 ==
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